Introduction and preliminaries
The study of non-autonomous and nonlinear difference equations is growing up in the last years, not only as a fundamental tool in the discretization of a differential equation, even as a useful model for several economical and population problems. Interesting examples and mathematical models coupled with the basic theory of this type of equations can be found in the classical monograph by S. Goldberg [17] and in the more recent books by R.P. Agarwal [1] , V. Lakshmikantham and D. Trigiante [22] and S.N. Elaydi [14] .
Recently, many papers devoted to the study of the existence of solution for nonlinear difference problems have appeared. The employed tools are, among others, the method of upper and lower solutions [3] [4] [5] 11, 15, 16, 23, 24] , monotone iterative techniques [9, 10, 27, 28] or variational methods [2, 13, 25, 26] . The dependence on a real parameter has been recently considered for p-Laplacian equations in [8, 12] .
Our aim is to obtain existence, multiplicity and nonexistence results for the following fourth order periodic equation depending on a real parameter u(k + 
(2.2)
Function G M is the so-called Green's function related to problem (1.2) . This kind of functions represents a very important role in the development of the existence and approximation theory for differential and difference equations, see [1, 6, 7, 9, 10, 18, 19] and references therein.
In [9] it is developed a technique that allows us to get the expression of the Green's function related to the general n-th order operator with periodic boundary value conditions. Such method gives us the finding expression by solving an n × n linear algebraic system.
Concerning our particular problem, one can see in [9, Theorem 5.1] that if problem (2.1) has a unique solution u : J → R, it is given by the following expression
where z M is the unique solution of the algebraic problem:
Moreover (see [9] for details) if h (−h) is a constant sign function on I , then u has the same sign as h (−h) on I if and only if function z M is non-negative (non-positive) on I .
The rest of this section is devoted to make an exhaustive study of the sign of function z M on the interval I . Such study is given as a function of the real parameter M.
In a first moment we consider m > 0 such that M = −m
.
One can verify that the unique solution function z m ≡ z M of problem (2.4)-(2.6) is given by the following expression
As a consequence of the previous expression, we deduce that problem (2.4)-(2.6), with M < 0, has a unique solution if and only if M = −1. Now we distinguish some different cases, depending on the even or odd character of T and k.
T is even and k is odd.
In this case, the expression (2.7) is rewritten as 
T and k are both even.
In this case it is not difficult to verify that z m (k) = 0.
T is odd and k is even.
In this situation, the expression (2.7) remains as follows In this situation we have So, we know that function z(k; T ) is non-positive on I for all T 1. Moreover it takes the value zero at some point of I except in the case T = 1.
To 
So we conclude that z m is not well defined if and only if m = 1 and T = 4q for some q = 1, 2, . . . . Moreover, by using this expression, we arrive at the following properties:
So, we deduce that function z(k; 1) > 0 on I , moreover, if T = 2, 4 then z(k; T ) 0 on I and it vanishes at some point in I . In all the other cases function z(k; T ) changes its sign on I .
As a consequence of the previous assertions, we obtain the following conclusions concerning to the Green's function. We concentrate the previous proposition in Table 1 . Table 1 T odd T even T odd
Positive Green's function
This section is devoted to the proof of the existence, multiplicity and nonexistence of solutions of problem (1.1) by assuming that the related Green's function is strictly positive on J × I , whereas in next section we turn out to the case where the related Green's function is non-negative.
Thus, defining for each λ > 0 the operator
given by
we have that u > 0 is a solution of problem (1.1) if and only if u = T λ u.
Throughout the paper we shall use the following notation:
,
In this section we assume the following hypotheses:
(H0) γ * 0.
(H1) Either T is odd and M ∈ (−1, 0), or T = 1 and M 0.
(H2) g( j) 0 for all j ∈ I and
From Proposition 2.1, we know that α > 0. In consequence, we can define the cone
Now, for 0 < r < R we define
Next we give sufficient conditions for the solvability of problem (1.1). 
Preliminary results
In the following lemmas we deduce sufficient conditions that will allow us to obtain T λ x x or T λ x
x . The combination of the next lemmas with Theorem 3.1 will allow us to prove existence and multiplicity results for problem (1.1). 
.
Thus, for all k ∈ J , the following inequalities hold: Proof. Since f 0 = 0, we know that given ε = ε(λ) =
= u , and thus T λ u u . 2 
Lemma 3.4. Assume that hypotheses (H0), (H1), (H2)
Fix 0 < r r 0 (λ) and let u ∈ K with u = r. Then
= u , 
. Since f ∞ = ∞, there exists
= u , and thus T λ u u . 2
Main results
Now, we are in a position to ensure the existence, nonexistence or multiplicity of solutions of the problem (1.1). The given results are the following. 
That is, u ∈ K.
On the other hand, since f 0 > 0 and f ∞ > 0, we know that there exists L > 0 such that f (u) Lu for all u > 0.
So, if there is a positive solution of problem (1.1) for some
, we deduce the following inequalities:
> u and we attain a contradiction. 2 
Non-negative Green's function
In this section instead of condition (H1) we assume (H1) Either T is even and M ∈ (−1, 0), or T 2 and M = 0, or T = 2, 4 and M > 0.
Notice that condition (H1) implies that G M is non-negative and not identically zero on J × I and vanishes at some point in the rectangle J × I .
On the other hand, it is clear that u(k) = 1/(M + 1) is the unique solution of problem
So, by using expression (2.2), we conclude that
Moreover, from expression (2.3) and (H1), we arrive at the following inequalities: 
k=0 γ (k) and let u ∈ K be such that u = r. Then 
If, on the contrary, lim u→∞ z u = ∞, we have that
The reader, can find a more sophisticated proof of the previous property, for a more general situation in [29] .
Therefore, we have that for ε(λ) = 1 2λβ
there exists R 1 (λ) > 0 such thatf (u) εu for each u R 1 (λ).
As a consequence of the previous lemmas we deduce the following existence result. 
It is clear that f r satisfies condition (H3), ( f r ) 0 = ∞ and ( f r ) ∞ = 0. As consequence Theorem 4.3, part 2, implies that the modified problem
has a non-negative solution u r for all λ > 0.
Such solution is given by the expression
Thus, from the nonincreasing character of function f r and expression (4.1), we deduce that
and u r (t) λΛ * f r u r + γ * for all k ∈ I.
(4.5)
If we suppose u r < r, then In case γ * = 0 we obtain the following existence result for weak singularities. 
Final remarks
In the two previous sections, we have considered the cases in which the Green's function related to the problem (1.2) is strictly positive or non-negative on J × I . Since in the second section we have also studied the cases in which such Green's function is strictly negative or non-positive on J × I , we can also study the following equation: 
